A Kadec-Pelczy\'nski dichotomy-type theorem for preduals of
  JBW*-algebras by FernÁndez-Polo, Francisco J. et al.
ar
X
iv
:1
21
1.
49
90
v1
  [
ma
th.
OA
]  
21
 N
ov
 20
12
A KADEC-PELCZYN´SKI DICHOTOMY-TYPE THEOREM
FOR PREDUALS OF JBW∗-ALGEBRAS
FRANCISCO J. FERNA´NDEZ-POLO, ANTONIO M. PERALTA,
AND MARI´A ISABEL RAMI´REZ
Abstract. We prove a Kadec-Pelczyn´ski dichotomy-type theorem for
bounded sequences in the predual of a JBW∗-algebra, showing that for
each bounded sequence (φn) in the predual of a JBW
∗-algebra M , there
exist a subsequence (φτ(n)), and a sequence of mutually orthogonal pro-
jections (pn) in M such that:
(a) the set
{
φτ(n) − φτ(n)P2(pn) : n ∈ N
}
is relatively weakly com-
pact,
(b) φτ(n) = ξn + ψn, with ξn := φτ(n) − φτ(n)P2(pn), and ψn :=
φτ(n)P2(pn), (ξnQ(pn) = 0 and ψnQ(pn)
2 = ψn), for every n.
1. Introduction
A celebrated and useful result of M.I. Kadec and A. Pelczyn´ski [11] (cf.
the splitting technique in [6, page 97]) states that every bounded sequence
(fn) in Lp[0, 1] (1 ≤ p < ∞) admits a subsequence (fnk) which can be
written as gk + hk, where the hk’s have pairwise disjoint supports and the
set {gk : k ∈ N} is an equi-integrable or relatively weakly compact subset in
Lp[0, 1]. This result, nowadays called “subsequence splitting property” or
“Kadec-Pelczyn´ski dichotomy theorem”, doesn’t hold for Banach function
spaces in general (examples include c0, reflexive, p-convex Banach lattices
[7]). However, the number of subsequent contributions motivated by the
above result is enormous; trying to refer to all the very large number of
publications and authors involved is almost impossible.
For our purposes, we focus on a generalisation of the subsequence splitting
property for preduals of (non-necessarily commutative) von Neumann alge-
bras. When the space L1[0, 1] is regarded as the predual of the abelian von
Neumann algebra L∞[0, 1], we are naturally led to the following question:
Does the Kadec-Pelczyn´ski dichotomy theorem hold for preduals of (non-
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necessarily commutative) von Neumann algebras? An affirmative answer to
this question was given by N. Randrianantoanina in [17] and by Y. Raynaud
and Q. Xu in [15].
A Kadec-Pelczyn´ski dichotomy-type problem also makes sense in the
wider non-associative context of JB∗-algebras. Let us recall that an algebra
J with a commutative product (written a◦b) is called a Jordan algebra if the
identity a◦ (b◦a2) = (a◦ b)◦a2, holds for every a, b in J . A JB∗-algebra is a
complex Banach space J which is a complex Jordan algebra, with product
◦, equipped with an involution ∗ satisfying
‖a ◦ b‖ ≤ ‖a‖ ‖b‖, ‖a∗‖ = ‖a‖ and ‖ {a, a, a} ‖ = ‖a‖3,
for every a, b ∈ J , where {a, a, a} = 2(a ◦ a∗) ◦ a − a2 ◦ a∗. Given a JB∗-
algebra J , the set Jsa of its self-adjoint elements is a JB-algebra in the sense
of [9]. Conversely, every JB-algebra coincides with the self adjoint part of
a JB∗-algebra (cf. [23]). A JBW∗-algebra is a JB∗-algebra M which is also
a dual Banach space. The bidual of every JB∗-algebra is a JBW∗-algebra.
It is known that every JBW∗-algebra M has a unique (isometric) predual
(denoted by M∗) and the product of M is separately weak
∗-continuous (see
[9, §4]). Elements in M∗ are called normal functionals.
Every C∗-algebra (respectively, every von Neumann algebra) is a JB∗-
algebra (respectively, a JBW∗-algebra) with respect to its (usual) Jordan
product a ◦ b := 12(ab+ ba)and its natural involution. A JC∗-algebra is any
norm-closed Jordan ∗-subalgebra of a C∗-algebra, while a JW∗-algebra is a
weak∗-closed Jordan ∗-subalgebra of a von Neumann algebra.
We devote this paper to establish a Kadec-Pelczyn´ski dichotomy-type the-
orem for bounded sequences in the predual of a JBW∗-algebra (see Theorem
4.2 and Corollary 4.3). We concretely prove that for each bounded sequence
(φn) in the predual of a JBW
∗-algebra M , there exist a subsequence (φτ(n)),
and a sequence of mutually orthogonal projections (pn) in M such that:
(a) the set
{
φτ(n) − φτ(n)P2(pn) : n ∈ N
}
is relatively weakly compact,
(b) φτ(n) = ξn +ψn, with ξn := φτ(n) − φτ(n)P2(pn), and ψn := φτ(n)P2(pn),
(ξnQ(pn) = 0 and ψnQ(pn)
2 = ψn), for every n.
In Section 2 we revisit some characterisations of relatively weakly compact
subsets in the predual M∗ of a JBW
∗-algebra M , connecting this definition
with the notion of uniformly integrable subsets in M∗.
1.1. Background and notation. For each element a in a JB∗-algebra J,
the symbol Ma will denote the multiplication operator on J defined by
Ma(c) := a ◦ c (c ∈ J). Given another element c in J , the conjugate-
linear mapping Q(a, b) : J → J is given by Q(a, b)(c) := {a, c, b} , where
the triple product of three elements a, b, c in J is defined by {a, c, b} =
(a ◦ c∗) ◦ b + (b ◦ c∗) ◦ a − (a ◦ b) ◦ c∗. We write Q(a) for Q(a, a). Clearly,
Q(a, b) = Q(b, a), for every a, b ∈ J. It is known that the identity
(1) Q(a)Q(b)Q(a) = Q(Q(a)b),
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holds for every a, b ∈ J. The mapping L(a, b) : J → J is defined by
L(a, b)(c) := {a, b, c} (c ∈ J).
Given a Banach space X, the symbol B(X) will stand for its closed unit
ball.
By a projection p in a JBW∗-algebraM we mean a self-adjoint idempotent
element in M (i.e. p = p∗ = p ◦ p). The set of all projections in M will be
denoted by Proj(M). Each projection p in M induces a decomposition of
M
M =M2(p)⊕M1(p)⊕M0(p),
where for j = 0, 1, 2, Mj(p) is the
j
2 -eigenspace of the mapping L(p, p). This
is called the Peirce decomposition of M with respect to p ([9, §2.6]). The
following multiplication rules are satisfied:
{Mi(p),Mj(p),Mk(p)} ⊆Mi−j+k(p),
where i, j, k = 0, 1, 2 and Ml(p) = 0 for l 6= 0, 1, 2,
{M0(p),M2(p),M} = {M2(p),M0(p),M} = 0.
We recall that a normal functional ϕ in the predual of a JBW∗-algebra
M is called positive when ϕ(a) ≥ 0 for every a ≥ 0 in M . It is know that a
normal functional ϕ is positive if and only if ϕ(1) = ‖ϕ‖. A normal state is
a norm-one positive normal functional.
The strong∗-topology (denoted by S∗(M,M∗) of a JBW
∗-algebra M is
the topology on M generated by the family of seminorms of the form
x 7→ ‖x‖ϕ :=
√
ϕ(x ◦ x∗),
where ϕ is any positive normal functional in M∗ [14, §4]. Consequently,
when a von Neumann algebra W is regarded as a complex JBW∗-algebra,
S∗(W,W∗) coincides with the familiar strong*-topology of W (compare [19,
Definition 1.8.7]). It is known that the strong*-topology of M is compatible
with the duality (M,M∗). Moreover, the triple product of M is jointly
S∗(M,M∗)-continuous on bounded subsets of M (cf. [14, §4]).
2. Preliminaries: Weak Compactness and Uniform Integrability
In this section we review some basic characterisations of relatively weakly
compact subsets in the predual, M∗, of a JBW
∗-algebra M , relating the
latter notion with the concept of (countably) uniformly integrable subsets
in M . The following definition is motivated by the corresponding notion
introduced by N. Randrianantoanina [17] (see also Y. Raynaud and Q. Xu
[15]) in the setting of von Neumann algebras.
Definition 2.1. A bounded subset, K, in the predual, M∗, of a JBW
∗-
algebra M is said to be (countably) uniformly integrable if for every strong∗-
null, bounded sequence (an) in M we have
lim
n→∞
sup {‖ϕ Q(an)‖ : ϕ ∈ K} = 0.
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When M is a von Neumann algebra, a bounded subset K ⊆M∗ is (count-
ably) uniformly integrable if, and only if, K is relatively weakly compact (cf.
[17, Page 140] and [15, Lemma 4.3 and Proposition 4.4 or Corollary 4.9]). In
the setting of preduals of JBW∗-algebras the above equivalence has not been
established. We devote this section to explore the connections appearing in
this case.
M. Takesaki [20], C.A. Akemann [1], C.A. Akemann, P.G. Dodds, J.L.B.
Gamlen [2] and K. Saitoˆ [18] provided several useful characterisations of
relatively weakly compact subsets of preduals of von Neumann algebras,
characterisations which are exploited in [17] and [15]. In the setting of
preduals of JBW∗-algebras, we shall require the following characterisation
which was established in [13].
Theorem 2.2. [13, Theorem 1.5] Let K be a bounded subset in the predual,
M∗, of a JBW
∗-algebra M . The following assertions are equivalent:
(i) K is relatively weakly compact;
(ii) The restriction K|C of K to each maximal associative subalgebra C of
M is relatively σ(C∗, C)-compact;
(iii) There exists a (positive) normal state ψ ∈ M∗ having the following
property: given ε > 0 there exists δ > 0 such that for every x ∈ W
with ‖x‖ ≤ 1 and ‖x‖ψ < δ, then |φ(x)| < ε for each φ ∈ K;
(iv) For any monotone decreasing sequence of projections (pn) in M with
(pn) → 0 in the weak*-topology, we have limn→+∞ φ(pn) = 0, uni-
formly for φ ∈ K. 
It is known that, for each element a in a von Neumann algebra A, the
mapping Q(a, a∗)(x) := 12(axa
∗ + a∗xa) is a positive operator. Thus, given
0 ≤ z in A, we have 0 ≤ Q(a, a∗)(z) ≤ ‖z‖Q(a, a∗)(1).
We shall need the following variant of [19, Proposition 1.8.12]. We firstly
recall that the product of a von Neumann algebra is jointly strong∗-continuous
on bounded sets (cf. [19, Proposition 1.8.12]).
Lemma 2.3. Let (an) be a bounded, strong
∗-null sequence in a von Neu-
mann algebra A. Then
strong∗- lim
n
Q(an)(x) = 0,
uniformly on B(A).
Proof. We may assume, without loss of generality, that an ∈ B(A) for every
n. Fix an arbitrary element x in B(A) and a normal state ϕ ∈ A∗. The
inequalities
‖Q(an)(x)‖2ϕ =
1
2
ϕ (anxana
∗
nx
∗a∗n + a
∗
nx
∗a∗nanxan)
≤ 1
2
(‖xana∗nx∗‖ϕ(ana∗n) + ‖x∗a∗nanx‖ϕ(a∗nan))
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≤ 1
2
ϕ(ana
∗
n + a
∗
nan) = ‖an‖2ϕ,
imply the desired statement. 
The following fact, proved by L. Bunce in [5], will be used through-
out the paper: Let J be a JBW∗-subalgebra (i.e. a weak∗-closed Jordan
∗-subalgebra) of a JBW∗-algebra M , then the strong∗-topology of J co-
incides with the restriction to J of the strong∗-topology of M , that is,
S∗(J, J∗) = S
∗(M,M∗)|J . We shall actually require a weaker version of
this result asserting that S∗(J, J∗) and S
∗(M,M∗)|J coincide on bounded
subsets of J (compare [14, §4]).
Since every JW∗-algebra is a weak∗-closed Jordan ∗-subalgebra of a von
Neumann algebra, the following result is a direct consequence of Lemma 2.3
and the above fact.
Corollary 2.4. Let (an) be a bounded, strong
∗-null sequence in a JW∗-
algebra M . Then
strong∗- lim
n
Q(an)(x) = 0,
uniformly on B(M). 
The proof of the next lemma is left to the reader.
Lemma 2.5. Let (Mj)j∈Λ be a family of JBW
∗-algebras satisfying the fol-
lowing property: for each bounded, strong∗-null sequence (an) in Mj we have
strong∗- lim
n
Q(an)(x) = 0,
uniformly on B(Mj). Then the JBW
∗-algebra M =
⊕ℓ∞
j∈ΛMj satisfies the
same property, that is, for each bounded, strong∗-null sequence (an) in M
we have
strong∗- lim
n
Q(an)(x) = 0,
uniformly on B(M). 
It is well known that in a finite dimensional JBW∗-algebra the strong∗-
topology, the weak, the weak∗ and the norm topologies coincide.
By [9, Theorem 7.2.7] every JBW∗ algebra M can be (uniquely) decom-
posed as a direct ℓ∞-sumM =M1
⊕ℓ∞M2, whereM1 is a JW∗-algebra and
M2 is a purely exceptional JBW
∗-algebra. It is further known that M2 em-
beds as a JBW∗-subalgebra of an ℓ∞-sum of finite-dimensional exceptional
JBW∗-algebras (compare [9, Lemma 7.2.2 and Theorem 7.2.7]). Combining
these structure results and the preceding comments with Corollary 2.4 and
Lemma 2.5 we get:
Corollary 2.6. Let (an) be a bounded, strong
∗-null sequence in a JBW∗-
algebra M . Then
strong∗- lim
n
Q(an)(x) = 0,
uniformly on B(M). 
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We can prove now the equivalence between relatively weakly compact
subsets and (countably) uniformly integrable subsets in the predual of a
JBW∗-algebra.
Proposition 2.7. The following statements are equivalent for any bounded
subset K in the predual of a JBW∗-algebra M .
(a) K is relatively weakly compact;
(b) K is (countably) uniformly integrable;
(c) For each strong∗-null sequence (pn) ⊂ Proj(M), we have
∃ lim
n→∞
sup
ϕ∈K
‖ϕQ(pn)‖ = 0.
(d) For each strong∗-null decreasing sequence (pn) ⊂ Proj(M), we have
∃ lim
n→∞
sup
ϕ∈K
‖ϕQ(pn)‖ = 0.
Proof. We may assume that K ⊂ B(M∗). Since for each projection p in M
and each ϕ ∈ K, |ϕ(p)| = |ϕ(Q(p)p)| ≤ ‖ϕQ(p)‖, the implications (b)⇒ (c)
and (c)⇒ (d) are clear, while (d)⇔ (a) follows from Theorem 2.2.
(a) ⇒ (b). By Theorem 2.2 (i) ⇔ (iii), there exists a normal state
φ ∈ M∗ satisfying that for each ε > 0, there exists δ > 0 such that for
every x ∈ B(M) with ‖x‖φ < δ, |ϕ(x)| < ε, for every ϕ ∈ K. Let (an)
be a strong∗-null sequence in B(M). Corollary 2.6 asserts that there exists
n0 such that for each n ≥ n0, ‖Q(an)(x)‖φ < δ, for every x ∈ B(M).
Therefore, for every n ≥ n0, |ϕ(Q(an)(x))| < ε, for all ϕ ∈ K, x ∈ B(M),
which implies, ‖ϕQ(an)‖ ≤ ε, for every ϕ ∈ K. 
Lemma 2.8. Let K be a bounded subset in the predual of a JBW∗-algebra
M . Let (pn) be a strong
∗-null sequence in Proj(M). Suppose that, for each
n0, P1(pn0)
∗(K) and P0(pn0)
∗(K) are relatively weakly compact. Then K is
relatively weakly compact if, and only if, ∃ lim
n
sup
ϕ∈K
‖ϕQ(pn)‖ = 0.
Proof. The necessary condition being obvious, let us suppose that P1(pn0)
∗(K)
and P0(pn0)
∗(K) are relatively weakly compact and ∃ lim
n
sup
ϕ∈K
‖ϕQ(pn)‖ = 0.
Let (qm) be a strong
∗-null sequence of projections in M . By assumptions,
for each ε > 0, there exists n0 such that
|ϕP2(pn)(qm)| ≤ ‖ϕQ(pn)‖ < ε
3
, for every n ≥ n0,m ∈ N and ϕ ∈ K.
Find m0 satisfying
|ϕP0(pn0)(qm)| <
ε
3
, and |ϕP1(pn0)(qm)| <
ε
3
,
for every m ≥ m0, ϕ ∈ K. Finally
|ϕ(qm)| ≤
2∑
i=0
|ϕPi(pn0)(qm)| < ε,
for every m ≥ m0, ϕ ∈ K. 
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We state now an appropriated Jordan version of [17, Lemma 2.4], the
proof is left for the reader.
Lemma 2.9. Let M be a JBW∗-algebra. Let (pn) be a strong
∗-null decreas-
ing sequence of projections in M , (ϕk) a bounded sequence in M∗ such that
lim
n→∞
sup
k
‖ϕkQ(pn)‖ = θ > 0. The following statements hold:
(a) For each natural k0, lim
n→∞
sup
k≥k0
‖ϕkQ(pn)‖ = θ > 0;
(b) There exist subsequences (pnm), (ϕkm) satisfying
∃ lim
m→∞
‖ϕkmQ(pnm)‖ = θ.

3. A dichotomy-type theorem for bounded sequences of
positive normal functionals
This section is devoted to establish a Kadec-Pelczyn´ski dichotomy-type
theorem for bounded sequences in the positive part of the predual of a
JBW∗-algebra M . The main result (cf. Theorem 3.12) shows that for every
bounded sequence (ϕn) in M
+
∗ , there exist a subsequence (ϕnk), bounded
sequences (φk) and (ψk) in M∗ and a decreasing strong
∗-null sequence of
projections (qn) in M such that ϕnk = φk+ψk, φkQ(qk) = 0, ψkP2(qk) = ψk
and the set {φk : k ∈ N} is relatively weakly compact.
To achieve the result, we firstly establish a series of technical lemmas.
We recall that elements a and b in a JB-algebra A are said to operator
commute in A if the multiplication operators Ma and Mb commute. It is
known that a and b generate a JB-subalgebra that can be identified as a
norm-closed Jordan subalgebra of the self adjoint part of some B(H), [23],
and, in this identification, a and b commute in the usual sense whenever
they operator commute in A (compare Proposition 1 in [22]). It also follows
from the just quoted reference that a and b operator commute if, and only
if, a2 ◦ b = {a, b, a} (i.e., a2 ◦ b = 2(a ◦ b) ◦ a− a2 ◦ b).
Lemma 3.1. Let M be a JBW∗-algebra. Let (an) be a strong
∗-null, decreas-
ing sequence in M with 0 ≤ an ≤ 1, for every natural n. Then for every
ε > 0 there exists a sequence of projections (qn) in M satisfying :
(a) The sequence (qn) is strong
∗-null and qn ≤ q1 ≤ r(a1) for every n ≥ 1;
(b) For each n0, ‖Q(an)−Q(Q(qn0)(an))‖ < ε, for every n ≥ n0.
Proof. Fix 0 < δ < min{( ε20)2 , 1}. Define, by functional calculus, q1 :=
χ(δ,1)(a1) and for each n ≥ 2, qn := χ(δ,1)({q1, an, q1}). Clearly,
0 ≤ Q(q1)(an) ≤ Q(q1)(1) = q1,
therefore, qn ≤ q1 for every natural n. Since 0 ≤ δqn ≤ {q1, an, q1} , and
the latter defines a strong∗-null sequence, we deduce that (qn) → 0 in the
strong∗-topology.
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In order to simplify notation, let us denote bn := {q1, an, q1}. Then (bn)
is a strong∗-null, decreasing sequence of positive elements in B(M). Fix
n ≥ n0. If we write bn = Q(qn0)(bn)+ 2Q(qn0 , 1− qn0)(bn)+Q(1− qn0)(bn),
we have
bn −Q(qn0)(bn) = 2Q(qn0 , 1− qn0)(bn) +Q(1− qn0)(bn).
Now, since Q(1− qn0) is a positive operator,
0 ≤ Q(1− qn0)(bn) ≤ Q(1− qn0)(bn0) ≤ δ1.
For the other summand, we observe that, since qn0 and 1 − qn0 operator
commute, 2Q(qn0 , 1 − qn0)(bn) = 4((1 − qn0) ◦ (bn)) ◦ qn0 . Applying [9,
Lemma 3.5.2 (ii)], we get
22‖Q(qn0 , 1− qn0)(bn)‖2 ≤ 42‖(1− qn0) ◦ (bn)‖2
≤ 42‖bn‖ ‖ {1− qn0 , bn, 1− qn0} ‖
= 42‖bn‖ ‖Q(1− qn0)bn0‖ ≤ 42δ.
Therefore
‖Q(q1)(an)−Q(qn0)(an)‖ = ‖bn −Q(qn0)(bn)‖ ≤ 5
√
δ.
By a similar argument we can check that
‖an − bn‖ = ‖an −Q(q1)(an)‖ ≤ 2‖Q(q1, 1− q1)(an)‖+ ‖Q(1 − q1)(an)‖,
0 ≤ Q(1− q1)(an) ≤ Q(1− q1)(a1) ≤ δ1,
and
‖2Q(q1, 1− q1)(an)‖2 = 22‖2(an ◦ (1− q1)) ◦ q1‖2 ≤ 42‖an ◦ (1− q1)‖2
(by [9, Lemma 3.5.2 (ii)]) ≤ 42‖an‖ ‖Q(1− q1)(an)‖ ≤ 42δ.
Combining the above facts we get ‖an − bn‖ ≤ 5
√
δ, and
‖an −Q(qn0)(an)‖ ≤ 10
√
δ.
Finally, the inequality
‖Q(an)−Q(Q(qn0)(an))‖ ≤ ‖Q(an)−Q(an, Q(qn0)(an))‖
+‖Q(an, Q(qn0)(an))−Q(Q(qn0)(an))‖ ≤ 20
√
δ,
concludes the proof. 
Let (an) be a sequence of symmetric elements in a JBW
∗-algebra, M, such
that (a2n) is decreasing and ‖an‖ ≤ 1 for every n. The mapping Q(an) is
positive (cf. [9, Proposition 3.3.6]), so for each positive (normal) functional
ϕ on M ,
‖ϕQ(an)‖ = ϕQ(an)(1) = ϕ(a2n) ≥ ϕ(a2n+1) = ‖ϕQ(an+1)‖.
Thus, given a bounded subset K in the positive part of M∗, the sequence(
supϕ∈K
{
‖ϕQ(an)‖
})
n
is monotone decreasing and bounded, and hence
convergent. If we only assume that (an) is decreasing we cannot assure that
the above sequence is convergent, we shall consider, in this case, its lower
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limit lim inf
n
sup
ϕ∈K
{
‖ϕQ(an)‖
}
. It follows from the above arguments that the
sequence
(
supϕ∈K
{
‖ϕQ(pn)‖
})
n
converges, whenever (pn) is a decreasing
sequence of projections in M .
The following result is a direct consequence of Lemma 3.1 above.
Corollary 3.2. Let (ϕk) be a sequence of positive functionals in the closed
unit ball of the predual, M∗, of a JBW
∗-algebra M . Suppose there exist
γ > 0 and a strong∗-null, decreasing sequence (an) of positive elements in
the closed unit ball of M satisfying that lim inf
n→∞
‖ϕnQ(an)‖ ≥ γ (respectively,
lim inf
n→∞
sup
k
‖ϕkQ(an)‖ ≥ γ). Then for every ε > 0 there exists a sequence of
projections (qn) in M satisfying:
(a) The sequence (qn) is strong
∗-null and qn ≤ q1 ≤ r(a1) for every n ≥ 1;
(b) For each natural n0, lim inf
n→∞
‖ϕnQ(Q(qn0)(an))‖ ≥ γ − ε (respectively,
lim inf
n→∞
sup
k
‖ϕkQ(Q(qn0)(an))‖ ≥ γ − ε). 
We recall that a positive functional ψ on a JB∗-algebra J is said to be
faithful if ψ(x) > 0 for every positive element x ∈ J\{0}. Suppose that a
JBW∗-algebra M admits a faithful normal state ψ. Then it is known that
the strong*-topology in the closed unit ball of M is metrized by the distance
dψ(a, b) := (ψ((a − b) ◦ (a− b)∗))
1
2 = ‖a− b‖ψ
(compare [10, page 200]).
Given a positive normal functional φ on a JBW∗-algebra M then φ has
a unique support or carrier projection p ∈ M , such that φ = φP2(p), and
φ is faithful on Q(p)(M) = M2(p) (see [3, Lemma 5.1 and Definition 5.2],
[12] or [8, Proposition 2]). Therefore, ‖.‖φ induces a metric on the norm
closed unit ball of Q(p)(M), which gives a topology homeomorphic to the
strong∗-topology of M restricted to the closed unit ball of Q(p)(M).
Remark 3.3. Let M be a JBW∗-algebra. Every bounded sequence (ϕk) of
positive functionals in the closed unit ball of M∗ essentially lies in the closed
unit ball of the predual of a JBW∗-subalgebra M0 admitting a faithful normal
state φ0 with the following property: for each a ≥ 0 in M , φ0(a) = 0 if, and
only if, ϕk(a) = 0, for every k. Indeed, let φ0 :=
∑∞
k=1
1
2k
ϕk ∈M∗. Clearly,
φ0 is a positive normal functional onM satisfying the above property (that is,
according to the terminology employed in [4], (ϕk) is absolutely continuous
with respect to φ0). Let p0 denote the support projection of φ0 in M . Then
φ0 is faithful on M0 := Q(p0)(M) and the strong
∗-topology of M0 is metrised
by the Hilbertian seminorm ‖.‖φ0 on bounded sets of M0. Since, for each
natural k, ϕk(1−p0) = 0, we deduce that ‖ϕk‖ = ϕk(1) = ϕk(p0), and hence
ϕk = ϕkP2(p0) (cf. [8, Proposition 1]).
The sequence (ϕk) is said to be supported by the JBW
∗-subalgebra M0
when the above conditions are satisfied.
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Let A be a C∗-algebra. If x and y are positive elements in A such that
x ≥ y, then xα ≥ yα for any 0 ≤ α ≤ 1 (cf. [21, Proposition I.6.3]). A
similar statement is, in general, false for α > 1. Now, let J be a JB∗-algebra.
Since, by the Shirshov-Cohn theorem (cf. [9, 7.2.5]), the JB∗-subalgebra of
J generated by two positive elements is a JC∗-algebra, the above operator
monotonicity behavior also holds in J .
Lemma 3.4. Let M be a JBW∗-algebra. Let (ϕk) be a sequence of positive
functionals in the closed unit ball of M∗ and let p0 be a projection in M
such that M0 = Q(p0)(M) is a JBW
∗-algebra which admits a faithful normal
state φ0 and (ϕk) is supported by M0. Let (an) be a strong
∗-null, decreasing
sequence in M satisfying 0 ≤ an ≤ 1, for every n.
(a) If lim inf
n→∞
sup
k
‖ϕkQ(an)‖ ≥ γ > 0, then for every ε > 0 there exists
a strong∗-null, decreasing sequence (pn) of projections in M such that
pn ≤ r(Q(p0)a1) (∀n) and lim
n→∞
sup
k
‖ϕkQ(pn)‖ ≥ γ − ε.
(b) If lim inf
n→∞
‖ϕnQ(an)‖ ≥ γ > 0, then for every ε > 0 there exist a subse-
quence (ϕσ(k)) and a strong
∗-null, decreasing sequence (pn) of projections
in M satisfying pn ≤ r(Q(p0)a1) (∀n) and lim inf
n→∞
‖ϕσ(n)Q(pn)‖ ≥ γ− ε.
Furthermore, when M admits a faithful normal state, we can take p0 = 1.
Proof. (a) Let us observe that, for each n and k,
‖ϕkQ(an)‖ = ϕkQ(an)(1) = ϕkQ(p0)Q(an)(1)
= ϕkQ(p0)(a
2
n) ≤ ϕkQ(p0)(an)
where (Q(p0)(an)) defines a strong
∗-null, decreasing sequence of positive
elements in M0. Let cn ∈ M0 denote the square root of Q(p0)(an) (that is,
c2n = Q(p0)(an)). It is not hard to check that (cn) is a strong
∗-null sequence
of positive elements in the closed unit ball of M0. By hypothesis, (c
2
n) is
a decreasing sequence, and hence (cn) also is decreasing. We additionally
know that
lim inf
n→∞
sup
k
‖ϕkQ(cn)‖ = lim inf
n→∞
sup
k
ϕk(c
2
n)
= lim inf
n→∞
sup
k
ϕkQ(p0)(an) ≥ lim inf
n→∞
sup
k
‖ϕkQ(an)‖ ≥ γ.
Take a sequence (εj) ⊂ (0, 1) such that
∑∞
j=1 εj = ε. Corollary 3.2, applied
to (cn), (ϕk), γ and ε1, assures the existence of a strong
∗-null sequence of
projections (q
(1)
n ) in M0 satisfying q
(1)
n ≤ q(1)1 ≤ r(c1) ≤ r(Q(p0)a1) for every
n ≥ 1 and, for each n0,
lim inf
n→∞
sup
k
‖ϕkQ(Q(q(1)n0 )(cn))‖ ≥ γ − ε1.
Take n1 ≥ 1 such that ‖q(1)n1 ‖φ0 ≤ 12 and define c
(2)
n := Q(q
(1)
n1 )(cn). Applying
Lemma 3.1 on (c
(2)
n ), (ϕk), γ − ε1 and ε2, we deduce the existence of a
A KADEC-PELCZYN´SKI DICHOTOMY-TYPE THEOREM 11
strong∗-null sequence of projections (q
(2)
n ) in M0 satisfying q
(2)
n ≤ q(2)1 ≤ q(1)n1
for every n ≥ 1 and, for each n0,
lim inf
n→∞
sup
k
‖ϕkQ(Q(q(2)n0 ) c(2)n )‖ = lim infn→∞ supk
‖ϕkQ(Q(q(2)n0 ) cn)‖ ≥ γ −
2∑
i=1
εi.
By induction, there exists an strictly increasing sequence (nj) in N and
sequences of projections (q
(j)
n ) in M0 satisfying q
(j)
n ≤ q(j)1 ≤ q(j−1)nj−1 for every
n ≥ 1, ‖q(j)nj ‖φ0 ≤ 12j and
lim inf
n→∞
sup
k
‖ϕkQ(Q(q(j)nj )(cn))‖ ≥ γ −
j∑
i=1
εi.
Finally, defining pj := q
(j)
nj , we obtain a strong
∗-null, decreasing sequence
of projections in M0 such that
lim inf
n→∞
sup
k
‖ϕkQ(Q(pj)(cn))‖ ≥ γ −
j∑
i=1
εi.
Therefore, there exists a subsequence (cnj ) such that
sup
k
‖ϕkQ(pj)‖ ≥ sup
k
‖ϕkQ(pj)Q(cnj )Q(pj)‖ =
sup
k
‖ϕkQ(Q(pj)(cnj ))‖ ≥ γ −
j+1∑
i=1
εi > γ − ε,
proving the first statement.
(b) Follows from (a) and Lemma 2.9(b). 
The set of all strong∗-null decreasing sequences in a von Neumann algebra
plays a key role in [17]. Following the same notation, here the symbol D
will stand for the set of all strong∗-null decreasing sequences of projections
in a JBW∗-algebra M .
Corollary 3.5. Let (ϕk) be a sequence of positive functionals in the closed
unit ball of the predual of a JBW∗-algebra M . Let p0 be a projection in M
such that M0 = Q(p0)(M) is a JBW
∗-algebra which admits a faithful normal
state φ0 and (ϕk) is supported by M0. Then
sup
{
lim
n
sup
k
‖ϕkQ(pn)‖ : (pn) ∈ D
}
= sup
{
lim
n
sup
k
‖ϕkQ(qn)‖ : (qn) ∈ D(qn) ⊂M0
}
.
Proof. To simplify notation let S1 and S2 denote the supreme in the left and
right hand side, respectively. The inequality S1 ≥ S2 is clear. In order to
prove the reciprocal inequality let us fix an arbitrary ε > 0 and (pn) ∈ D
with lim
n
sup
k
‖ϕkQ(pn)‖ > S1 − ε. Let us denote bn := Q(p0)(pn) ∈M0 and
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cn := b
1
2
n (Clearly, 0 ≤ bn, cn ≤ 1). The sequence (bn) ⊂ M0 is decreasing
and strong∗-null, and thus (cn) satisfies the same properties. Since
‖ϕkQ(pn)‖ = ϕk(pn) = ϕkQ(p0)(pn) = ϕk(bn) = ϕk(c2n) = ‖ϕkQ(cn)‖,
we can deduce that lim inf
n
sup
k
‖ϕkQ(cn)‖ = lim
n
sup
k
‖ϕkQ(pn)‖ > S1 − ε.
By Lemma 3.4(a), there exists a strong∗-null, decreasing sequence (qn) of
projections in M satisfying qn ≤ r(c1) ≤ p0 (in particular, (qn) ⊂ M0) and
lim
n→∞
sup
k
‖ϕkQ(qn)‖ ≥ S1 − 2ε. 
Proposition 3.6. Let K be a bounded subset in the positive part of the pre-
dual of a JBW∗-algebra M . Suppose that K is not relatively weakly compact.
Then there exists a sequence (ϕk) in K satisfying
sup
{
lim
n
sup
k
‖ϕkQ(pn)‖ : (pn) ∈ D
}
= sup
{
lim inf
m
‖ϕmQ(pm)‖ : (pm) ∈ D
}
> 0.
Proof. It is easy to see that
sup
{
lim
n
sup
k
‖ϕkQ(pn)‖ : (pn) ∈ D
}
≥ sup
{
lim inf
m
‖ϕmQ(pm)‖ : (pm) ∈ D
}
,
for every sequence (ϕn) in K.
We may assume that K ⊂ B(M∗). Since K is not relatively weakly com-
pact, the classical theorems of Eberlein-S˘mul’jan and Rosenthal assure the
existence of a sequence (φk) in K which is isomorphically equivalent to the
unit vector basis of ℓ1. Denote α0 := sup
{
lim
n
sup
k
‖φkQ(pn)‖ : (pn) ∈ D
}
.
By Proposition 2.7, we have α0 > 0.
Fix a sequence (εj) in (0, 1), such that
∏
j(1 − εj) > 0. Find (qn) ∈
D such that lim
n
sup
k
‖φkQ(qn)‖ ≥ α0(1 − ε1). By Lemma 2.9, there exist
subsequences (φ
(1)
n ) = (φkn) and (p
(1)
m ) = (qnm) satisfying
∃ lim
m→∞
‖φ(1)m Q(p(1)m )‖ ≥ α0(1− ε1).
Set α1 := sup
{
lim
n
sup
m
‖φ(1)m Q(pn)‖ : (pn) ∈ D
}
. Clearly α1 ≥ α0(1 − ε1).
applying again Lemma 2.9 we can find, by definition of α1, a subsequence
(φ
(2)
n ) = (φ
(1)
kn
) and a sequence (p
(2)
m ) in D such that
∃ lim
m→∞
‖φ(2)m Q(p(2)m )‖ ≥ α1(1− ε2) ≥ α0
2∏
j=1
(1− εj).
We can inductively choose subsequences (φ
(1)
n ) ⊇ (φ(2)n ) ⊇ . . . ⊇ (φ(j)n ) ⊇ . . .
and sequences (p
(1)
n ), . . . , (p
(j)
n ), . . . in D satisfying
∃ lim
m→∞
‖φ(j)m Q(p(j)m )‖ ≥ αj−1(1− εj) ≥ α0
j∏
i=1
(1− εi),
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where αj := sup
{
lim
n
sup
m
‖φ(j)m Q(pn)‖ : (pn) ∈ D
}
.
Now, define ϕn := φ
(n)
n . Since (ϕn)n≥j is a subsequence of (φ
(j)
n ) and
hence
‖ϕnQ(p(j)n )‖ = ϕn(p(j)n ) = φ(j)σ(n)(p(j)n )
≥ φ(j)
σ(n)(p
(j)
σ(n)) = ‖φ
(j)
σ(n)Q(p
(j)
σ(n))‖ (n ≥ j),
it follows that
lim inf
n
‖ϕnQ(p(j)n )‖ ≥ lim inf
n
‖φ(j)
σ(n)Q(p
(j)
σ(n))‖
= lim
n
‖φ(j)
σ(n)Q(p
(j)
σ(n))‖ ≥ αj−1(1− εj).
In particular, lim inf
n
‖ϕnQ(p(1)n )‖ ≥ α0(1 − ε1) > 0. A similar argument
shows that
β = sup
{
lim
n
sup
k
‖ϕkQ(pn)‖ : (pn) ∈ D
}
≤ αj ,
for every j. The inequality
1
1− εj lim infn ‖ϕnQ(p
(j)
n )‖ ≥ αj−1 ≥ β, implies
that β ≤ 1
1− εj sup
{
lim inf
m
‖ϕmQ(pm)‖ : (pm) ∈ D
}
. Taking limit in j, we
assert that
sup
{
lim
n
sup
k
‖ϕkQ(pn)‖ : (pn) ∈ D
}
≤ sup
{
lim inf
m
‖ϕmQ(pm)‖ : (pm) ∈ D
}
.

The following technical lemma will be required later.
Lemma 3.7. Let p be a projection in a JBW∗-algebra M , T : M → M a
positive bounded linear operator, and let ϕ be a positive (normal) functional
on M with ‖ϕ‖ ≤ 1. Then the following inequalities hold for each a in M
with 0 ≤ a ≤ 1:
(a) ‖ϕQ(p)Q(a)‖2 ≤ ‖ϕQ(p)Q(a)Q(p)‖;
(b) |ϕQ(1, p)T (x)|2 ≤ ‖T‖ϕQ(p)T (x), for every 0 ≤ x ≤ 1, and hence,
‖ϕQ(1, p)T‖ ≤ 2‖T‖ 12 ‖ϕQ(p)T‖ 12 ;
(c) ‖ϕQ(1 − p, p)Q(a)‖ ≤ 2 ‖ϕQ(p)Q(a)Q(p)‖ 14 + ‖ϕQ(p)Q(a)Q(p)‖ 12 .
Proof. (a) Let ϕ, a and p be as in the hypothesis of the lemma. Since
ϕQ(p)Q(a) and ϕQ(p)Q(a)Q(p) are positive functionals on M , it follows,
by the Cauchy-Schwarz inequality, that
‖ϕQ(p)Q(a)‖2 =
(
ϕQ(p)Q(a)(1)
)2
=
(
ϕQ(p)(a2)
)2
≤
(
ϕQ(p)(a)
)2
≤ ϕ
(
Q(p)(a) ◦Q(p)(a)
)
= ϕQ(Q(p)(a))(1)
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= ‖ϕQ(Q(p)(a))‖ = ‖ϕQ(p)Q(a)Q(p)‖.
(b) First, we observe that Q(1, p)(z) = p ◦ z, for every z in M . Fix
x in M with 0 ≤ x ≤ 1. Since, by the Shirshov-Cohn theorem (see [9,
7.2.5]), the JB∗-subalgebra J generated by p, x and the unit is a JC∗-
algebra, we may assume that J is a JC∗-subalgebra of a C∗-algebra A. The
functional ϕ|J extends to a positive functional of A, denoted again by ϕ (cf.
[5, Proposition]). Since ϕ is positive, ϕ(xp) = ϕ((xp)∗) = ϕ(px). In this
case we have
|ϕQ(1, p)(x)|2 = |ϕ(p ◦ x)|2 = 1
4
∣∣∣ϕ(px+ xp)∣∣∣2
≤ |ϕ(px)|2 ≤ ϕ(pxxp) ≤ ϕ(pxp) = ϕQ(p)(x).
Since x was arbitrarily chosen, the first inequality follows by replacing x
with 1‖T‖T (x). The second statement is a direct consequence of the first
one.
(c) Combining (a) and (b) with T = Q(a), we get
‖ϕQ(1, p)Q(a)‖ ≤ 2 ‖ϕQ(p)Q(a)‖ 12 ≤ 2 ‖ϕQ(p)Q(a)Q(p)‖ 14 ,
which assures that
‖ϕQ(1− p, p)Q(a)‖ ≤ ‖ϕQ(1, p)Q(a)‖ + ‖ϕQ(p)Q(a)‖
≤ 2 ‖ϕQ(p)Q(a)Q(p)‖ 14 + ‖ϕQ(p)Q(a)Q(p)‖ 12 .

Following standard notation, the symbols
∨
and
∧
to denote the least
upper bound and greatest lower bound in the set of projections in M . The
existence of the least upper bound and greatest lower bound of a family of
projections is guaranteed by [9, Lemma 4.2.8].
Lemma 3.8. Let (qn) be a sequence of projections in a JBW
∗-algebra M
whose elements mutually operator commute. Let φ be a positive normal
functional on M such that
∑
n≥1 φ(qn) < ∞. Then defining pn =
∨
k≥n qk,
it follows that φ(pn)→ 0.
Proof. It follows from the definition of operator commutativity that the
pn’s generate an associative commutative JBW
∗-subalgebra which is JBW∗-
isomorphic to an abelian von Neumann algebra of the form C(K), where K
is a Stonean compact Hausdorff space (compare [3, Proposition 2.11]). The
rest of the proof is an exercise left to the reader. 
Now we have the tools too prove a Jordan version of [17, Theorem 3.1].
Theorem 3.9. Let K be a bounded subset in the positive part of the predual
of a JBW∗-algebra M . Then there there exists a sequence (qn) in D and a
sequence (φk) in K satisfying
sup
{
lim
n
sup
k∈N
‖φkQ(pn)‖ : (pn) ∈ D
}
= lim
n
sup
k∈N
‖φkQ(qn)‖.
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Furthermore, there exists a projection q0 in M such that M0 = Q(q0)(M) is
a JBW∗-algebra which admits a faithful normal state, (ϕk) is supported by
M0 and the above supreme coincides with
sup
{
lim
n
sup
k∈N
‖φkQ(pn)‖ : (pn) ∈ D, (pn) ⊆M0
}
.
Proof. When K is relatively weakly compact the supremum is zero, and
hence attained at every (pn) ∈ D (cf. Proposition 2.7). We may therefore
assume that K is not relatively weakly compact.
Arguing by contradiction, we assume that for every sequence (ϕk) in K,
the supreme sup
{
lim
n
sup
k∈N
‖ϕkQ(pn)‖ : (pn) ∈ D
}
is not attained.
We may assume that K ⊂ B(M∗). By assumptions, K is not relatively
weakly compact, so from the Eberlein-S˘mul’jan and Rosenthal theorems
there exists a sequence (ψk) in K which is isomorphically equivalent to the
unit vector basis of ℓ1.
Proceeding as in Remark 3.3, we set φ0 :=
∞∑
k=1
1
2k
ψk ∈M∗ and q0 = s(φ0)
the support projection of φ0. Then φ0 is faithful on M0 := Q(q0)(M),
the strong∗-topology of M0 is metrised by the Hilbertian seminorm ‖.‖φ0
on bounded sets of M0, and the sequence (ψk) is supported by M0 (in
particular, ψk = ψkP2(q0)). Since the set K˜ := {ψk|M0 : k ∈ N} is not
relatively weakly compact in (M0)∗, by Proposition 3.6 and Corollary 3.5,
there exists a sequence (ϕk) in K˜ ⊂ K satisfying
(2) α = sup
{
lim
n
sup
k
‖ϕkQ(pn)‖ : (pn) ∈ D, (pn) ⊂M0
}
= sup
{
lim inf
m
‖ϕmQ(pm)‖ : (pm) ∈ D, (pm) ⊂M0
}
= sup
{
lim
n
sup
k
‖ϕkQ(pn)‖ : (pn) ∈ D
}
> 0.
By assumption, α is not attained. We shall get a contraction working on
M0. Henceforth, we assume M =M0 and φ0 is a faithful normal functional
on M .
Applying an induction argument, we can find sequences (mj) and (nj) in
N with (nj) strictly increasing, subsequences (ϕn) = (ϕ
(1)
n ) ⊇ (ϕ(2)n ) ⊇ . . . ⊇
(ϕ
(j)
n ) ⊇ . . ., and sequences (s(j)n )n, (S(j)n )n, (p(1)n ), (p(2)n ), . . . (p(j)n ), . . . in D
satisfying the following properties:
(3) p(j+1)n ⊥ S(j)m , ∀n,m ∈ N with m ≥ nj,
(4) α(1− 1
2mj−1
) ≤ lim
n
sup
k∈N
‖ϕkQ(S(j)n )‖
(
< α(1− 1
2mj
)
)
,
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(5) sup
k∈N
‖ϕkQ(S(j)nj )‖ < α(1 −
1
2mj
),
and
(6) lim inf
n
‖ϕ(j+1)n Q(s(j+1)n )‖ ≥ lim inf
n
‖ϕ(j)n Q(s(j)n )‖+
α4
(2mj+5)4
,
where (s
(1)
n ) = (S
(1)
n )n = (p
(1)
n )n and for j ∈ N, (s(j+1)n ) and (S(j+1)n )n are
the sequence in D given by
s(j+1)n :=
{
1 ;n < nj
s
(j)
σj(n)
+ p
(j+1)
n ;n ≥ nj , S
(j+1)
n :=
{
1 ;n < nj
S
(j)
n + p
(j+1)
n ;n ≥ nj,
and σj : N→ N is the mapping satisfying (ϕ(j)σj (n)) = (ϕ
(j+1)
n ).
Since α is not attained, we can find (p
(1)
n ) ∈ D and m1 in N satisfying
α(1 − 1
2m1−1
) ≤ lim
n
sup
k
‖ϕkQ(p(1)n )‖ < α(1 −
1
2m1
).
There exists n1 > 1 such that
sup
k
‖ϕkQ(p(1)n1 )‖ < α(1−
1
2m1
).
Suppose now the first j elements and sequences have been defined. By
hypothesis (see (2)), there exists (q˜m) in D with
lim inf
n
‖ϕnQ(q˜n)‖ > α(1− 1
2mj+1
).
Since (ϕ
(j)
m ) = (ϕnm) is a subsequence of (ϕn), we have
lim inf
m
‖ϕ(j)m Q(q˜nm)‖ ≥ lim inf
n
‖ϕnQ(q˜n)‖ > α(1− 1
2mj+1
).
If we write qm := q˜nm and
ϕ(j)m Q(qm) = ϕ
(j)
m Q(S
(j)
nj
)Q(qm) + 2ϕ
(j)
m Q(1− S(j)nj , S(j)nj )Q(qm)
+ϕ(j)m Q(1− S(j)nj )Q(qm).
Now, recalling that Q(a)Q(b)Q(a) = Q(Q(a)b), we deduce, by Lemma 3.7
(a) and (c), that
‖ϕ(j)m Q(qm)‖ ≤ ‖ϕ(j)m Q(S(j)nj )‖+ 6‖ϕ(j)m Q(Q(1− S(j)nj )(qm))‖
1
4
+‖ϕ(j)m Q(Q(1− S(j)nj )(qm))‖
1
2 .
Since K ⊂ B(M∗), we have, by (5),
7‖ϕ(j)m Q(Q(1− S(j)nj )(qm))‖
1
4 ≥ ‖ϕ(j)m Q(qm)‖ − ‖ϕ(j)m Q(S(j)nj )‖
≥ ‖ϕ(j)m Q(qm)‖ − α(1−
1
2mj
),
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which implies that
lim inf
m
‖ϕ(j)m Q(Q(1− S(j)nj )(qm))‖
1
4
≥ 1
7
(
lim inf
m
‖ϕ(j)m Q(qm)‖ − α(1−
1
2mj
)
)
>
α
2mj+4
.
We define a
(j)
m := Q(1 − S(j)nj )(qm). Clearly, (a(j)m ) is a strong∗-null, de-
creasing sequence with 0 ≤ a(j)m ≤ 1 and lim inf
m
‖ϕ(j)m Q(a(j)m )‖ >
α4
(2mj+4)4
.
By Lemma 3.4(b), applied to (ϕ
(j)
m ) and (a
(j)
m )
(
with ε = α
4
(2mj+4)4
− α4
(2mj+5)4
)
,
there exists (p
(j+1)
n ) ∈ D with p(j+1)1 ≤ r(a(j)1 ) ≤ 1− S(j)nj and a subsequence
(ϕ
(j+1)
m ) = (ϕ
(j)
σj(m)
) such that
lim inf
n
‖ϕ(j+1)n Q(p(j+1)n )‖ ≥
α4
(2mj+5)4
.
Observe that since p
(j+1)
1 ≤ 1−S(j)nj we have p(j+1)n ⊥ S(j)m for every n,m ∈
N with m ≥ nj. Since, by hypothesis, 0 ≤ lim
n
sup
k
‖ϕkQ(S(j+1)n )‖ < α, we
can choose convenient mj+1 and nj+1 > nj satisfying (4) and (5).
It is also clear that s
(j)
n ≤ S(j)n , and thus, for each n ≥ nj, s(j)n + p(j+1)n is
a projection in M satisfying that
lim inf
n
‖ϕ(j+1)n Q(s(j+1)n )‖ = lim inf
n
‖ϕ(j+1)n Q(s(j)σj(n) + p
(j+1)
n )‖
≥ lim inf
n
‖ϕ(j+1)n Q(s(j)σj(n))‖+ lim infn ‖ϕ
(j+1)
n Q(p
(j+1)
n )‖
≥ lim inf
n
‖ϕ(j)
σj (n)
Q(s
(j)
σj(n)
)‖+ α
4
(2mj+5)4
≥ lim inf
n
‖ϕ(j)n Q(s(j)n )‖+
α4
(2mj+5)4
,
which proves (6) and concludes the induction argument.
We shall now show that lim
j
mj = +∞. By (6),
lim inf
n
‖ϕ(j)n Q(s(j)n )‖ ≥ lim inf
n
‖ϕ(1)n Q(s(1)n )‖+
j−1∑
k=1
α4
(2mk+5)4
,
witnessing the desired statement.
For each n ≥ nj > nj−1 > . . . > n1, we have
S(j)n = S
(j−1)
n + p
(j)
n = S
(j−2)
n + p
(j−1)
n + p
(j)
n = . . . =
j∑
k=1
p(k)n ,
where the summands appearing in the last sum are mutually orthogonal.
We claim that S
(j)
n and S
(l)
m operator commute whenever n ≥ nj, m ≥ nl,
j ≥ l and n ≥ m. Indeed, since S(j)n =
j∑
k=1
p(k)n , s
(l)
m =
l∑
k=1
p(k)m , where the
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summands in each sum are mutually orthogonal, we get for each k1 6= k2, l
in {1, . . . , l},
p(k1)n ≤ p(k1)m ⊥ p(k2)m , p(l)m .
On the other hand, p
(k1)
n has been chosen to be orthogonal to S
(k2)
m for every
k1, k2, n, and m in N with k1 > k2, m ≥ nk2 . Therefore,{
S(l)m , S
(j)
n , S
(l)
m
}
= 2(S(l)m ◦S(j)n ) ◦ S(l)m − S(l)m ◦S(j)n =
l∑
k=1
p(k)n = (S
(l)
m )
2 ◦ S(j)n ,
proving the claim.
By Lemma 2.9(a) and (4), we can find strictly increasing sequences (lj)j
and (kj)j in N with kj > nj, ‖S(j)kj ‖φ0 <
1
2j
and
α
(
1− 1
2mj−2
)
< ‖ϕljQ(S(j)kj )‖.
The projections in the sequence (S
(j)
kj
) mutually operator commute, so defin-
ing p̂j :=
∨
m≥j S
(m)
km
we get a decreasing sequence of projections inM which,
by Lemma 3.8, is strong∗-null.
We define φj := ϕlj . Then
‖φjQ(p̂j)‖ = φj(p̂j) ≥ φj(S(j)kj ) = ‖φjQ(S
(j)
kj
)‖ > α
(
1− 1
2mj−2
)
,
which implies that
lim
n
sup
k
‖φkQ(p̂n)‖ ≥ lim inf
n
‖φnQ(p̂n)‖ ≥ lim inf
n
α
(
1− 1
2mn−2
)
= α.
Finally, (φj) being a subsequence of (ϕk) forces to
α ≤ sup
{
lim
n
sup
k∈N
‖φkQ(pn)‖ : (pn) ∈ D
}
≤ α,
contradicting the assumption made at the beginning of the proof. 
Remark 3.10. It should be notice here that in the statement of Lemma
3.4(b) (also in the corresponding statement of Lemma 2.9(b)), we can not
affirm, in general, that the whole sequence ϕk satisfies the conclusion of
the statement. A similar restriction applies to Lemma 2.4 in [17]. So,
a subtle difficulty appears at a certain stage of the proof of [17, Theorem
3.1]. Concretely, when in the just quoted paper, Proposition 3.4 is applied
at the beginning of page 146 (even combined with Lemma 2.4), we can only
guarantee that a subsequence of (ϕn) fulfills the statement. Our proof extends
the results to the setting of JBW∗-algebras and provides an argument to avoid
the just quoted difficulties.
We isolate a property which was already implicitly stated in the results
established above.
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Proposition 3.11. Suppose that M is a JBW∗-algebra admitting a faithful
normal functional. Let (ϕk) be a bounded sequence of positive functionals
in M∗ and let (pn) be a sequence in D. Then for each n0 in N the set
{ϕk (P1(pn0) + P0(pn0)) : k ∈ N} is not relatively weakly compact if, and only
if, there exists a sequence (qn) in D satisfying qn ⊥ pn for every n ≥ n0 and
lim
n→∞
sup
k
‖ϕkQ(qn)‖ > 0.
Proof. Suppose there exists a sequence (qn) satisfying the conditions of the
statement. Since (qn) ⊆ P0(pn0)(M), the sufficient condition is clear by
Proposition 2.7. To prove the reciprocal implication assume that the set
{ϕk (P1(pn0) + P0(pn0)) : k ∈ N} is not relatively weakly compact. It is not
restrictive to assume that ‖ϕk‖ ≤ 1, for every k. By Proposition 2.7, there
exist (en) in D such that
lim
n→∞
sup
k
‖ϕk (P1(pn0) + P0(pn0))Q(en)‖ > 0.
It is easy to check that ϕk (P1(pn0) + P0(pn0)) = 2ϕkQ(pn0 , 1 − pn0)Q(1) +
ϕkQ(1− pn0)Q(1), and hence, by Lemma 3.7(a) and (c),
‖ϕk (P1(pn0) + P0(pn0))Q(en)‖ ≤ 2‖ϕkQ(pn0 , 1− pn0)Q(en)‖
+‖ϕkQ(1−pn0)Q(en)‖ ≤ 6‖ϕkQ(Q(1−pn0)(en))‖
1
4+‖ϕkQ(Q(1−pn0)(en))‖
1
2
≤ 7‖ϕkQ(Q(1− pn0)(en))‖
1
4 .
Therefore, denoting an := Q(1−pn0)(en), it follows that (an) is a strong∗-null
decreasing sequence with 0 ≤ an ≤ 1 − pn0 and lim inf
n
sup
k
‖ϕkQ(an)‖ > 0.
Applying Lemma 3.4 we find a sequence (qn) in D such that qn ≤ r(a1) ≤
1− pn0 (∀n) and lim
n→∞
sup
k
‖ϕkQ(qn)‖ > 0. 
Our next result is a first Kadec-Pelczyn´ski dichotomy-type theorem type
for bounded sequences of positive functionals in the predual of a JBW∗-
algebra.
Theorem 3.12. Let (ϕn) be a bounded sequence of positive functionals in
the predual of a JBW∗-algebra M . Then there exist a subsequence (ϕnk) and
a decreasing strong∗-null sequence of projections (qn) in M such that
(a) the set {ϕnk − ϕnkP2(qk) : k ∈ N} is relatively weakly compact,
(b) ϕnk = φk+ψk, with φk := ϕnk−ϕnkP2(qk), ψk := ϕnkP2(qk), φkQ(qk) =
0 and ψkQ(qk)
2 = ψk, for every k.
Proof. We may assume, without loss of generality, that ‖ϕn‖ ≤ 1 and the
set {ϕn : n ∈ N} is not relatively weakly compact. By Theorem 3.9 (see also
Proposition 2.7) there exists a projection q0 inM such thatM0 = Q(q0)(M)
is a JBW∗-algebra which admits a faithful normal state, (ϕk) is supported
by M0 with the following property: there exists a sequence (qn) ⊆M0 in D
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and a subsequence (ϕτ(k)) satisfying
(7) sup
{
lim
n
sup
k∈N
‖ϕτ(k)Q(rn)‖ : (rn) ∈ D
}
= lim
n
sup
k∈N
‖ϕτ(k)Q(qn)‖
= sup
{
lim
n
sup
k∈N
‖ϕτ(k)Q(rn)‖ : (rn) ∈ D, (rn) ⊆M0
}
= α > 0.
Set φk := ϕτ(k)−ϕτ(k)P2(qk) and ψk := ϕτ(k)P2(qk). Fix k0 in N. Clearly,
for each k ≥ k0, φk (P0(qk0) + P1(qk0)) = ϕτ(k) (P0(qk0) + P1(qk0)) . By
Proposition 3.11, the set{
φk (P1(qk0) + P0(qk0)) :
k ∈ N
k ≥ k0
}
=
{
ϕτ(k) (P1(qk0) + P0(qk0)) :
k ∈ N
k ≥ k0
}
is not relatively weakly compact if, and only if, there exists a sequence
(q˜n) ⊆M0 in D satisfying q˜k ⊥ qk for every k ≥ k0 and
lim
n→∞
sup
k
‖ϕτ(k)Q(q˜n)‖ = α1 > 0.
The sequence (r˜n)n≥k0 = (qn + q˜n)n≥k0 ⊆M0 lies in D and
lim
k0≤n→∞
sup
k∈N
‖ϕτ(k)Q(r˜n)‖ ≥ lim
k0≤n→∞
sup
k∈N
‖ϕτ(k)Q(qn)‖
+ lim
k0≤n→∞
sup
k∈N
‖ϕτ(k)Q(q˜n)‖ ≥ α+ α1 > α,
contradicting (7). Therefore the set {φk (P1(qk0) + P0(qk0)) : k ∈ N} is rela-
tively weakly compact. It follows, by Lemma 2.8, that the set {φk : k ∈ N}
is relatively weakly compact if, and only if, ∃ lim
n→∞
sup
k
‖φkQ(qn)‖ = 0. In
order to finish the proof, we shall show that the latter limit exists and is
zero.
Suppose, on the contrary, that there exists θ > 0 and a subsequence (qσ(n))
satisfying sup
k
‖φkQ(qσ(n))‖ ≥ θ, and σ(n) > τ(n), for every positive integer
n. Since limn supk ‖ϕτ(k)Q(qσ(n))‖ = α > 0, by Lemma 2.9(b), we can find
subsequences (ϕητ(k)) and (qκσ(n)) such that ∃ limn ‖ϕητ(n)Q(qκσ(n))‖ = α.
To simplify notation, we assume that (ϕητ(k)) = (ϕτ(k)) and (qκσ(n)) =
(qσ(n)), and hence
(8) ∃ lim
n
‖ϕτ(n)Q(qσ(n))‖ = α.
We observe that, for each n ≥ k, P2(qk)Q(qn) = Q(qn), thus φkQ(qn) =
ϕτ(k)Q(qn)− ϕτ(k)P2(qk)Q(qn) = 0, which shows that
sup
k
‖φkQ(qσ(n))‖ = sup
k>σ(n)
‖φkQ(qσ(n))‖.
We can therefore find a subsequence (φσ1(k)) such that σ1(n) > σ(n), and
‖φσ1(n)Q(qσ(n))‖ ≥ θ > 0, for every n ∈ N. Writing
φσ1(n)Q(qσ(n)) = ϕτσ1(n)Q(qσ(n))− ϕτσ1(n)Q(qτσ1(n))2Q(qσ(n))
= ϕτσ1(n)Q(qσ(n))− ϕτσ1(n)Q(qτσ1(n))
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= ϕτσ1(n)Q(qσ(n) − qτσ1(n)) + 2ϕτσ1(n)Q(qσ(n) − qτσ1(n), qτσ1(n)).
We deduce from Lemma 3.7(a) and (c) that
(9) θ ≤ ‖φσ1(n)Q(qσ(n))‖ ≤
∥∥ϕτσ1(n)Q(qσ(n) − qτσ1(n))∥∥
+2
∥∥ϕτσ1(n)Q(qσ(n) − qτσ1(n), qτσ1(n))∥∥
≤ 7∥∥ϕτσ1(n)Q(qσ(n) − qτσ1(n))∥∥ 14 .
Having in mind that qσσ1(n) ≤ qσ1(n) ≤ qσ(n), we have
α ≥ lim inf
n
‖ϕτ(σ1(n))Q(qσ(n))‖
≥ lim inf
n
‖ϕτσ1(n)Q(qτσ1(n))‖+ ‖ϕτσ1(n)Q(qσ(n) − qτσ1(n))‖
(by (9)) ≥ lim inf
n
‖ϕτσ1(n)Q(qτσ1(n))‖+
θ4
74
≥ lim inf
n
‖ϕσσ1(n)Q(qτσ1(n))‖+
θ4
74
= (by (8)) = α+
θ4
74
,
which is impossible. 
4. A dichotomy-type theorem for general bounded sequences
We recall that a functional ω in the predual of a JBW∗-algebra M is
said to be symmetric or hermitian when ω(x∗) = ω(x), for every x ∈ M .
Every hermitian functional ω in M∗ has a unique decomposition (the Jor-
dan decomposition) into ω = ω+ − ω−, where ω+ and ω− are two positive
functionals in M∗ with ‖ω‖ = ‖ω+‖ + ‖ω−‖ (compare, for example, [9,
Proposition 4.5.3]). Having in mind that each functional φ in M∗ has a
unique decomposition into ω1 + iω2, where ω1 and ω2 are hermitian func-
tionals, φ admits a canonical decomposition φ = φ1−φ2+ i(φ3−φ4), where
each φj is positive. The symbol |φ| will stand for the positive functional
φ1 + φ2 + φ3 + φ4, and we call |φ| the absolute value of φ.
We shall require the following consequence of Lemma 3.7, whose proof is
left to the reader.
Lemma 4.1. Let p be a projection in a JBW∗-algebra M , and let φ be a
(normal) functional on M with ‖φ‖ ≤ 1. Then the following inequalities
hold for each a in M with 0 ≤ a ≤ 1:
(a) ‖φQ(p)Q(a)‖ ≤ 4 ‖|φ|Q(p)Q(a)Q(p)‖ 12 ;
(b) ‖φQ(1, p)Q(a)‖2 ≤ 64 ‖|φ|Q(p)Q(a)‖ ;
(c) ‖φQ(1−p, p)Q(a)‖ ≤ 8 ‖|φ|Q(p)Q(a)Q(p)‖ 14 +4 ‖|φ|Q(p)Q(a)Q(p)‖ 12 .
A Kadec-Pelczyn´ski dichotomy-type theorem for bounded sequences in
the predual of a JBW∗-algebra can be stated now.
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Theorem 4.2. Let (φn) be a bounded sequence of functionals in the pred-
ual of a JBW∗-algebra M . Then there exist a subsequence (φnk), bounded
sequences (ξk) and (ψk) in M∗ and a decreasing strong
∗-null sequence of
projections (qn) in M such that φnk = ξk+ψk, ξkQ(qk) = 0, ψkQ(qk)
2 = ψk
and the set {ξk : k ∈ N} is relatively weakly compact.
Proof. We may assume that ‖φn‖ ≤ 1, for every n ∈ N. Applying Theorem
3.12 to the sequence (|φn|), we find a subsequence (|φnk |) and a decreasing,
strong∗-null sequence of projections (qk) in M such that the set {|φnk | −
|φnk |P2(qk) : k ∈ N} is relatively weakly compact. Set ξk := φnk−φnkP2(qk)
and ψk := φnkP2(qk)
We claim that, for each k0, the set {ξk(P0(qk0) + P1(qk0)) : k ≥ k0} is
relatively weakly compact. Otherwise, by Proposition 2.7, there exists a
subsequence (ξσ(k)) with σ(1) ≥ k0, and a decreasing, strong∗-null sequence
of projections (pn) in M such that
0 < γ ≤ ∥∥ξσ(k)(P0(qk0) + P1(qk0))Q(pk)∥∥
= (since σ(k) ≥ k0) =
∥∥φσ(nk)(P0(qk0) + P1(qk0))Q(pk)∥∥
=
∥∥φσ(nk)(Q(1− qk0) + 2Q(1 − qk0 , qk0))Q(pk)Q(1)∥∥
≤ ∥∥φσ(nk)Q(1− qk0)Q(pk)∥∥+ 2∥∥φσ(nk)Q(1− qk0 , qk0))Q(pk)∥∥
(by Lemma 4.1) ≤ 12
∥∥|φσ(nk)|Q(Q(1− qk0)pk)∥∥ 12
+16
∥∥|φσ(nk)|Q(Q(1− qk0)pk)∥∥ 14 ≤ 28∥∥|φσ(nk)|Q(Q(1 − qk0)pk)∥∥ 14 ,
which contradicts the fact that {|φnk | − |φnk |P2(qk) : k ∈ N} is relatively
weakly compact, because (Q(1−qk0)pk) is a strong∗-null sequence inM0(qk0)
⊆M0(qk), for every k ≥ k0.
The statement of the theorem will follow from Lemma 2.8 once the con-
dition lim
n
sup
k
‖ξkQ(qn)‖ = 0 is fulfilled. Arguing by contradiction, suppose
that there exist θ > 0 and a subsequence (qσ(n)) such that
sup
k
‖ξkQ(qσ(n))‖ ≥ θ, for every n.
Since for each n ≥ k, ξkQ(qn) = ϕnkQ(qn)−ϕnkP2(qk)Q(qn) = ϕnkQ(qn)−
ϕnkQ(qn) = 0, (and hence sup
k
‖ξkQ(qσ(n))‖ = sup
k>σ(n)
‖ξkQ(qσ(n))‖), we can
find a subsequence (ξσ1(k)) satisfying ‖ξσ1(k)Q(qσ(k))‖ ≥ θ and σ1(k) > σ(k),
for every k. We therefore have:
0 < θ ≤ ‖ξσ1(k)Q(qσ(k))‖ =
∥∥φnσ1(k)Q(qσ(k))− φnσ1(k)P2(qσ1(k))Q(qσ(k))∥∥
=
∥∥φnσ1(k) (Q(qσ(k))−Q(qσ1(k))) ∥∥ ≤ ∥∥φnσ1(k)Q(qσ(k) − qσ1(k))∥∥
+2
∥∥φnσ1(k)Q(qσ(k) − qσ1(k), qσ1(k))∥∥ ≤ (by Lemma 4.1, with a = 1)
≤ 12 ∥∥|φnσ1(k) | Q(qσ(k) − qσ1(k))2∥∥ 12 + 16 ∥∥|φnσ1(k) | Q(qσ(k) − qσ1(k))2∥∥ 14
≤ 28
∥∥|φnσ1(k) | Q(qσ(k) − qσ1(k))2∥∥ 14 .
A KADEC-PELCZYN´SKI DICHOTOMY-TYPE THEOREM 23
Noticing that P2(qσ1(k))Q(qσ(k) − qσ1(k)) = 0 (recall that qσ(k) − qσ1(k) ⊥
qσ1(k)), we deduce that∥∥(|φnσ1(k) | − |φnσ1(k) |P2(qσ1(k)))Q(qσ(k) − qσ1(k))∥∥
=
∥∥|φnσ1(k) | Q(qσ(k) − qσ1(k))∥∥ ≥ θ4284 > 0,
for every k ∈ N, contradicting again the fact that {|φnk | − |φnk |P2(qk) : k ∈
N} is relatively weakly compact. 
A standard argument allows us to deduce the following Kadec-Pelczyn´ski
dichotomy-type theorem with a sequence of mutually orthogonal projections
in its thesis (cf. [16, Theorem 3.9]), an sketch of the proof is rather included
here for completeness reasons.
Corollary 4.3. Let (φn) be a bounded sequence of functionals in the pre-
dual of a JBW∗-algebra M . Then there exist a subsequence (φτ(n)), and a
sequence of mutually orthogonal projections (pn) in M such that:
(a) the set
{
φτ(n) − φτ(n)P2(pn) : n ∈ N
}
is relatively weakly compact,
(b) φτ(n) = ξn +ψn, with ξn := φτ(n) − φτ(n)P2(pn), and ψn := φτ(n)P2(pn),
(ξnQ(pn) = 0 and ψnQ(pn)
2 = ψn), for every n.
Proof. We may assume that ‖φn‖ ≤ 1, for every n ∈ N. Find, by The-
orem 4.2, a subsequence (φσ(n)), bounded sequences (ξn) and (ψn) in M∗
and a decreasing strong∗-null sequence of projections (qn) in M such that
φσ(n) = ξn+ψn, ξn := φσ(n) − φσ(n)P2(qn), ψn := φσ(n)P2(qn), ξnQ(qn) = 0,
ψnQ(qn)
2 = ψn and the set {ξn : n ∈ N} is relatively weakly compact.
Fix n ∈ N. For each m ≥ n, we have
lim
m→∞
‖φσ(n)P2(qn)−φσ(n)P2(qn−qm)‖ = lim
m→∞
‖φσ(n)Q(qn)−φσ(n)Q(qn−qm)‖
≤ lim
m→∞
‖φσ(n)Q(qm)‖+ 2‖φσ(n)Q(qn − qm, qm)‖ ≤ (by Lemma 4.1)
≤ 28 lim
m→∞
∥∥|φσ(n)| Q(qm)2∥∥ 14 = 28 lim
m→∞
4
√
|φσ(n)|(qm) = 0.
We can therefore find a strictly increasing sequence (σ1(n)) in N such that
lim
n→∞
∥∥φσσ1(n)Q(qσ1(n))− φσσ1(n)Q(qσ1(n) − qσ1(n+1))∥∥ = 0.
Finally, taking (pn) := (qσ1(n) − qσ1(n+1)), we get a sequence of mutually
orthogonal projections in M . Since the set {φσσ1(n)−φσσ1(n)P2(qσ1(n)) : n ∈
N} is relatively weakly compact and
lim
n→∞
∥∥φσσ1(n)P2(qσ1(n))− φσσ1(n)P2(pn)∥∥
= lim
n→∞
∥∥φσσ1(n)Q(qσ1(n))− φσσ1(n)Q(pn)∥∥ = 0,
the set {φσσ1(n) − φσσ1(n)P2(pn) : n ∈ N} is relatively weakly compact. The
proof concludes defining (φτ(n)) := (φσσ1(n)). 
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The lacking of a cone of positive in the more general setting of JBW∗-triple
preduals makes unable the reasonings and proofs of this paper to establish a
Kadec-Pelczyn´ski dichotomy-type theorem for JBW∗-triple preduals. How-
ever, the following conjecture is natural to be posed:
Conjecture 4.4. Let (φn) be a bounded sequence of functionals in the pre-
dual of a JBW∗-triple W . Then there exist a subsequence (φτ(n)), and a
sequence of mutually orthogonal tripotents (en) in W such that:
(a) the set
{
φτ(n) − φτ(n)P2(en) : n ∈ N
}
is relatively weakly compact,
(b) φτ(n) = ξn + ψn, with ξn := φτ(n) − φτ(n)P2(en), and ψn := φτ(n)P2(en),
for every n.
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